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(r, θ, ϕ)
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∂ρ

∂t
+ ∇ · (ρu) = 0 ,

�f5 6o5 �
OPpCDS~�M��2G7D0Bf� y2OP? �"D0F�D0Z�9�M�OPG;?"Q

ρ
(∂u

∂t
+
(
u · ∇

)
u︸ ︷︷ ︸

inertia

)
= −∇p︸ ︷︷ ︸

pressure grad.

+ ρg︸︷︷︸
gravity

−2ρΩ × u︸ ︷︷ ︸
Coriolis

+ F︸︷︷︸
friction

,
� 5 6XW
�

M"QC|[OPpCDTDeQCD0BE�"<}D0Z�9�M�OPG;?"Q

ρCp

(∂T

∂t
+ u · ∇T︸ ︷︷ ︸

advection

)
−αT

(∂p

∂t
+ u · ∇p

)

︸ ︷︷ ︸
adiabatic heating

= ∇ · (k∇T )︸ ︷︷ ︸
diffusion

+ Φ︸︷︷︸
viscous heating

,
� 5 6ba �
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F = µ∇
2u +

1

3
µ∇(∇ · u) + D(∇µ, u, ∂u).
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p = ρR∗T
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ρ = ρ0

(
1 − α(T − T0)

)
= ρ0 + δρ (δρ � ρ0)
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ρ0

(∂u

∂t
+
(
u · ∇

)
u

︸ ︷︷ ︸
inertia

)
= −∇p︸ ︷︷ ︸

pressure grad.

+ δρg︸︷︷︸
buoyancy

−2ρ0Ω × u︸ ︷︷ ︸
Coriolis

+ µ∇
2u︸ ︷︷ ︸

friction
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(∂T

∂t
+ u · ∇T︸ ︷︷ ︸

advection

)
= ∇ · (k∇T )︸ ︷︷ ︸

diffusion
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ρ(r, θ, ϕ, t) = ρ̃(r) + ρ′(r, θ, ϕ, t),

p(r, θ, ϕ, t) = p̃(r) + p′(r, θ, ϕ, t),
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T (r, θ, ϕ, t) = T̃ (r) + T ′(r, θ, ϕ, t).

��pCD}FED0A�M"BHM\OPG7? Q.?"J��\M"BEGNM"I�:;D0FS� Go� D0Q G7Q �f5"675 5 ��G;F�G;Q�OPBE?�|�9C=0De| G;Q�OHpCD � DeQCD0BHM":3DeZ29CM\OPG7? QCF
�f5"675 ��� �f5"6ba
�,OP?zA!D0BfJ	? BH@¤MdJ	? BE@sM\:2FE=^M":7D�M"Q�M\:7<2FHG7F1OjM��2G7QC�KG7Q�OH?KM"=e=0? 9�Q�O�OHp�M\O

f ′/f̃ = ε � 1
6

cd:7:�OHpCDT|CD0A!D0QC|�D0Q�O��\M"BEGNM"I�:;D0FgM"BHDzD ]�ACM"QC|CDe|uG7Q{A!?�n3DeBiFHD0BEG;DeF�G7Q
ε
M"QC|{? QC:7<vOPDeBH@vF�9CA[OP?

OPp�Ds:;?�n�D0FfOL? BE|CD0BSG;Q
ε
M"BEDsBHD�OjM"G7QCD0|�6}cdFLM{BHDeFH9C:oO^£1OHpCD M\QCD0:;M"FEOHG;=�D0Z�9�M\OHG;? Q�F�|CDeFH=0BEG;ICG7QC�

OPp�DKDe�"? :;9�OHG;? Q>?"J�OPp�Dd¡�9C=�OP9�M\OHG;QC� �#? B�|�<2Q�M"@vG;= � Z�9�M"Q�OPGoOPG;DeF3=0M"Q =0?"A�DdniGoOPp :;M"BH�"D�|CDeQCFHGoO�<
�\M"BHG;M\OPG7? QCFgA�BHD0FED0Bf��G7QC�>M\O�OPpCDTFHM"@>DKOHG;@vDdOPp�DSQ�? Q���:7G;QCD0M"BHGoOPG7D0F3?\J1OHpCDT@>?2|CD0:*6
��Q FE9C@>@>M"Bf< £�OPpCDdM"QCD0:;M"FEOHG;=�M"ACACBE?^]�G7@sM�OPG;?"Qv:7G7�"D0F3?"Q 	�:oOPD0BEG;QC�S? 9�OgM"=0?"9CFEOHG;=�n3M^� DeFgnipCG;=jp
M"BEDLG;QCp�D0BHDeQ�OzG;Q(Ms=e? @vACBHDeFHFHG7IC:;D�@>De|CG;9C@{£�M"Fdn�D0:;:�M"FzM"Q(M"|�D0Z�9�M\OHD�:;G;Q�D^M"BEG;FPM�OPG;?"Q{?\J OHpCD
¡�9C=�OP9�M�OPG;Q��[OHpCD0BE@>?2|�<2Q�M"@vG;=��"M\BHGNM\IC:;DeFTM"I�?"9�OTFH? @vDvM"ACACBE? ACBEGNM\OHDLFEOPM\OPD\6>��pCD�BED0FH9�:7OPG7QC�
D0Z�9�M�OPG;?"QCF3=0M"Q I!DdFH?":7� De| Q�9C@vD0BHG7=^M":7:7<LniGoOPp>:NM"BE� D0B�OPG7@>D�FEOHD0ACF3FHG;Q�=0D�J#M\FEO3M"=0? 9�FEOPG7=�n3M^� D0F
M"BED>QC?\O�A�BHD0FED0Q�O^6[��pCD>Y3? 9�FHFHG7QCD0FEZ�M\ACACBH?^]�G;@>M\OHG;? Q FE9CACACBED0FHFED0F�M"=e? 9CFfOPG;=�n3M^� D0FLM"FSn�D0:7:
IC9�OTG7@>A!? FED0FzG;Q(M\|C|CG7OHG;? Q M[=e? QCFfOjM"Q�OS|CD0Q�FHG7O�< I�M"= ��� BH?"9CQC| £,=0?"QC|CG7OHG;? Q OHp�M\OzG7Fz9CQCFE9CG7OPM��
IC:7DRJ	? B{@v? FEO�� D0? A�p�<2FEG;=^M\:�ACBE? IC:7D0@vF{nipCDeBHD.@v?"OHG;? QCF[=0M"Q D�]2OHD0QC|�?�� DeB FHD�� DeBPM":�FH=^M\:;D

W W



������� � � � ��
 � � � � � � � ��� � � � � � ���

pCD0G7� p�OPFe6 �u? BHDe?�� D0Be£COPpCDKY3? 9CFEFHG;Q�D0FHZ M"ACACBE?�]�G7@sM\OHG;? QvQCDe� :;De=eOPFg�\M"BEGNM\OHG;? Q�F�?"J,|�D0QCFEG7O�< |�9CD
OP?�ACBED0FHFE9CBHD�A�DeBEOH9CBHI�M�OPG;?"QCF0£�nip�G;=jpuM"BHDTACBED0FHDeQ�OdG7Q[M"QCD0:;M"FEOHG;=zACBE? IC:7D0@vF06
�¨M"BfOPG7=09C:;M"BH:o<�J	? B OPpCD�=^M\FHDd?\J�OPp�D�� G;M"Q�O AC:NM"Q�DeOPF��2M\OP@v? FHA�pCD0BED0F0£�OPp�D�|CDeQCFHGoO�<vFEOPBHM\OPG�	�=^M�OPG;?"Q
G;F � D0Bf< pCG7� p �*rT9CG7:;:7?"O3D�O�M":&6o£ 5�V V\l�M
� FHG;Q�=0DdOHpCDKACBED0FHFE9CBHDK�\M"BEG;DeF3I�< @v? BHD�OPp�M\Q FHG�] ? BE|CD0BEF
?"J�@>M"� Q�G7OP9�|CDdJ	BH?"@UOP? A}OH?>I!?"OHOH? @ �*y2OPD�� DeQCFH? Q�£15�V"��W��!rz9CG;:7:;?"O0£�5�V V V
��6 ��p�9CF0£�M"QCDe:NM"FfOPG;=
@>?2|CDe:;F ACBH?��2G;|�DdMS@>? BEDiBHD^M\:;G;FfOPG7=�BHD0A�BHD0FED0Q�OjM�OPG;?"Q ?"J�OHpCD0FEDdFf<�FfOPDe@>F3OHp�M"QvOPpCD�Y3? 9CFEFHG7QCD0FEZ
? QCDeF06

�������� � p�hp��Rp
q �Mp.t �7y^� p
��pCD � GNM"Q�O�A�:NM"QCD�OPF���M\OP@v? FHA�pCD0BED0F�M"BHD I!D0:7G;De�"D0|zOP?iI!D @>? FfOP:o<K=0?"Q��"D0=�OPG7�"D � � 9CI�I�M"BH|�£�5�V�� ���
y2OPD�� DeQCFH? Q M"QC|�y�M":;A!DeOHD0Be£ 5�V�x x �(�3p�M"I�BHG;DeB�DeO�M":*67£�5�V V�W�� rT9CG7:;:7?"O3D�O�M":&6o£�5�V"V"l I � 6 ��Q M
�2G;� ? BE? 9CFE:7< =e? Q�� De=eOPG7QC��FE<2FEOHD0@ OPp�DRFE9CA!D0BPM\|CGNM"ICM\OPG7=0G7O�<%G;F �"D0Bf<�FH@>M":;:�FHG;Q�=0D OPBHM"QCFHA!? BfO
?"J�pCD^M\O�|�9CD OP?(=0?"Q��"D0=�OPG;?"Q�G7F�pCG;�"pC:7<RD �v=eG;D0Q�O06 ��p29�F0£�M":;:�=09CBEBHD0Q�OvG;Q�OHD0BHG7? B�@v?2|CD0:7FL?"J
� GNM\Q�O�AC:;M"QCDeOHFKM"BED�? I�OjM"G7QCD0|u9CQC|CDeB�OPp�DLM"FEFH9C@vA�OPG7? Q ?"J�=0? Q�� De=eOHG7� DLOHBPM"Q�FHA!? BEOdM"QC| M\|CGNM��
I�M\OHG;=gFfOPBPM�OPG�	C=^M\OHG;? Q �&rz9CG;:7:;?"O�DeO�M":*67£�5�V V"l I ��6¨��p�D0BHD�J	? BHD\£�MKFEOHBPM\OHG�	�De|�M"|CGNM\I�M\OPG7=�BEDeJ	DeBHD0Q�=0D
FEOPM\OPDSFHDeD0@vF�OH?sI!DTOHpCD�M"ACACBE? ACBHG;M\OPDT? Q�DSOH?>|CDeFH=eBHG;I!DTOPpCDSD0Z�9CG7:;G;I�BHG;9�@�FfOjM\OHD�?"J1OPpCDT¡�9CG7|
G;Q}OPp�DSFEACpCDeBHG;=0M":�FHp�D0:;:*6
��pCDT|CDeOHD0BE@>G7Q�M\OPG7? Q ?"J1? 9CB�BEDeJ	DeBHD0Q�=0DSFEOjM�OPDzBHDeZ�9CG;BED0F�OPpCDTG7Q�OHD0� BHM\OPG7? Q ?"J�OPp�Dzp�<2|CBE? FEOPM\OPG7=
D0Z�9CG7:;G;I�BHG;9�@�DeZ29CM\OPG7? Q

dp̃(r)

dr
= −ρ̃(r)g̃(r)

�f5 6o5�W �
9CFHG7QC� OPp�DLJ#M"=eOKOHp�M\OKJ	?"BKM"Q(G;|�D^M":���M"FKG7Q(M"Q(M"|CG;M"I�M\OHG;=SFEOPM\OPD\£�|CD0QCFEG7O�< M"QC| ACBED0FHFE9CBHDvM"BED
BHDe:NM\OHD0|[I�<

p̃ρ̃ −eγ =
=0?"QCFEO

= p̃oρ̃o
−eγ.

�f5"675�a �
��pCDS=0? QCFfOjM"Q�Oi�\M":;9�DzG;F 	�]�D0|[niG7OHp�ML�\M":79CDz?"J

p̃
M"QC|

ρ̃
M\Oi=eD0BEOPM"G;Q[BHM"|CG;9�F06���pCDT=jpC? G7=0DT?"J

OPpCD3? 9�OPDeB�I!? 9CQC|�M\BE<
ro
£ G*6mD\6

p̃o = p̃(ro)
M"QC|

ρ̃o = ρ̃(ro)
£ G;F1G;QLACBEG;QC=eG;AC:7DgM"BEICG7OHBPM"Bf<zJ	? B�? 9�B

AC9CBEA�? FED"6 � ?�n3D�� D0Be£�G7QL� D0Q�D0BPM\:COPpCD�FfOPBH9�=eOP9�BHD�?"J!OPpCD��"GNM"Q�O�A�:NM"QCD�OPF���M\OP@v? FEACpCD0BED0F�G7F 	�]�D0|
I�<uOHpCD0G7B�FEA�De=0G�	C=�D0Q�OHBH? A�<u|CDeOHD0BH@vG;Q�D0|uJ	BE? @ ? ICFED0BE�\M\OHG;? Q�FdM\O�OPp�D�FH9�BEJ#M"=eDL?"J�OHpCD�AC:;M"QCD�O
�&y�M\9C@>?"QuM\QC| rz9CG7:;:;?\O^£�W"` `"l ��FH9CACA!? BfOPG;Q��S?"9CB�G;QCGoOPG;M":�=jp�? G;=eD"6�c�F�GoO�niG;:;:�I�De=0? @vDiDe�2G;|�D0Q�O
:NM\OHD0B �	D"6 �C6�8¨G7�C6�W�6XW
��£�OHpCDz=jpC? FED0QuBPM"|CG79CF3OH?�|CD 	�Q�DTOHpCDz=0?"QCFEOPM"Q�O��\M":79CDK=e? BHBED0FHA!? QC|�FgOP?vM
FHpCDe:;:�FE9CBEJ#M"=eDznipCD0BEDSOHpCDz�"M\:;9CDeF�?"J1OHpCDSY3? 9CFEFHG7QCD0FEZ}BHDeJ	DeBHDeQC=0DSFEOPM\OPDSM"BEDSBED0=e?��"D0BED0| 6
��pCDSBHD0:;M\OPG7? Q �f5"675�a
�3ngM"F�? I�OPM"G;Q�D0|[9CQC|CDeB�OHpCDSM"FHFE9C@vA�OPG7? Q}OPp�M\O

γ̃
£�|CD 	�QCDe| M"F�OPp�DSBHM\OPG7?

?"J�FEA�De=0G�	C=�pCD0M\OPF
C̃p/C̃v

£!G;Fi=0? Q�FEOjM\Q�O06�8�?"B�|CG;M\OP?"@>G7=K��M"FED0Fd:7G �\D
H2

nip�G;=jp�G7F�OHpCD�@>M��E? B
=0? @vA!? QCD0Q�O�?"J3OHpCDs� G;M"Q�O�A�:NM"QCD�OPF��1M�OP@v? FHACp�D0BHDeF0£�G7Q G7|CD^M\: � M"F�=e? QC|CGoOPG7? QCF0£�Q�M"@vD0:o<(:;?�n
OPDe@>A!D0BHM\OP9CBED0F�M\QC| ACBHDeFHFE9CBHDeF0£

γ̃ = 7/5
6���p�G;F�M"FEFH9C@vA�OHG;? Q.=eD0BfOjM"G7QC:7<(ICBED^M ��F�|C?�niQ M"F

FH?2? QuM"F�n3DS@>?��"DS|�D0D0AuG;Q�OP?�OHpCDSM\OP@v? FHA�pCD0BED0F0£�nipCDeBHDTOPpCDzOHD0@vA�DeBPM\OH9CBHDeF�M\QC|uA�BHD0FEFH9CBED0F
M"BHDz�"D0BE<[p�G;� p{M"QC|}OHpCDz¡�9CG;|[I!D0p�M^�"D0FdA�BH? � BED0FEFHG7�"D0:o<}QC? Q���G;|CD0M":&6
�1?T=e? @>A�:;DeOHD�OHpCD�FHA!D0=eG�	�=0M\OPG7? Q�?"J�OPp�D�BHDeJ	DeBHDeQC=0DiFEOPM\OPD\£�M":;:�OPp�D�QCD0=eD0FHFHM"BE<�¡C9CG;|�ACBE? A!D0BEOHG;DeF
FH9C=jp�M"F

α̃
£
k̃
£
C̃p

£
χ̃T

£�DeOP=\67£Cnip�G;=jp{@sM^< I!DSMLJ	9CQC=eOHG;? Q[?"J1BPM\|CG;9CFe£�p�M^� DzOP?vI!Dz� G7�"D0Q{G;Q{M

W"a



� ����� ��� ����� ��� � ����� � ��� � � ��� 	 � � � � ��� � � � �+� � � � � � 
	�
��� � � � ��� 
�� � � � 


=0?"QCFHG7FEOPDeQ�O�n3M^< �#FED0DS�¨M"I�:;D�5 6o5 ��6
��BHDeFH=0BEG;ICG7QC� OPp�D � BPM^�2G7O�< I�M"= ��� BE? 9CQC|

g̃(r)
M"F�M =0?"QCFEOPM"Q�O��"M\:;9CD

g
£�OPpCD G7Q�OPD0�"BPM\OHG;? Q.?\J

�f5"675�W �g9CFHG7QC��OPpCDTD�]�ACBED0FEFHG;?"Q�?"J
ρ̃(p̃, p̃o, ρ̃o, γ̃)

BHDeFH9C:oOPG7QC��J	BH? @ �f5 6o5�a �g:;D0M"|CFgOH?

ρ̃(r) = ρ̃o

(
1 +

γ̃ − 1

γ̃

g

R∗T̃o

(ro − r)
)( 1

eγ−1

)

p̃(r) = p̃o

(
1 +

γ̃ − 1

γ̃

g

R∗T̃o

(ro − r)
)( eγ

eγ−1

)
� 5 6750l �

T̃ (r) = T̃o

(
1 +

γ̃ − 1

γ̃

g

R∗T̃o

(ro − r)
)

nipCDeBHDTOPpCDTG;|�D^M": � M"F�D0Z�9�M\OHG;? Q[?"J¨FEOPM\OPD
p̃ = ρ̃R∗T̃

n3M"Fi9CFED0| 6
�1M ��G;QC�SM"|��\M"Q�OPM"� D�?"J!FH?"@>D�=e? Q�� D0Q�OHG;? Q�M\:COPpCDeBH@v?�|�<2Q�M\@>G7=3A�M"BHM"@vDeOPDeBHF�n�Di=^M"Q�BHD�J	? BH@�9��
:NM�OPDKOPp�DSA�BHDe�2G7? 9CFiBHDe:NM\OHG;? QCF3G;Q�OP?

ρ̃(r) = ρ̃o

(
1 + CoΓ

(ro − r)

d

)( 1

Γ

)

p̃(r) = p̃o

(
1 + CoΓ

(ro − r)

d

)(Γ+1

Γ

)
� 5 675�� �

T̃ (r) = T̃o

(
1 + CoΓ

(ro − r)

d

)

nipCDeBHD
Γ

G;F¨OHpCD�rTBEtCQCDeG;FHDeQ�A�M"BPM\@>D�OPD0Be£
Co

G7F�OPpCD�=e? @>A�BHD0FEFHG7ICG;:7G7O�<TA�M"BHM"@vDeOPDeB0£ I!?"OHpvQ�? Q��
|CG7@>DeQCFHG7? Q�M":*£�M"Q�|

d = ro − ri
G7FgOPpCDTFHp�D0:;: OHpCG;= ��QCDeFHFe6

��pCD�rzBHtCQCDeG;FED0Q{A�M"BPM\@>D�OPD0B
Γ

G;F�|�D 	�QCDe| M"F

Γ =
1

ρ̃C̃v

( ∂p̃

∂T̃

)

v
=

α̃

ρ̃C̃vχ̃T

=
p̃

T̃ ρ̃C̃v

=
R∗

C̃v

= γ̃ − 1.
�f5 6o5����

��pCDL|�D 	�QCGoOPG7? Qu?"Q�OPpCD�:;D�J Od?"J �f5 6o5�� �iFHpC?�niFdOHp�M\O
Γ

@>D0M"FH9�BHD0F�OPpCD�G;QC=eBHD0M"FHD�?"J�ACBED0FHFE9CBHD
niG7OHp OPDe@>A!D0BHM\OP9CBED �	nipCG7:;DS� ? :79C@>D�G;FzpCDe:;| =0?"QCFEOPM"Q�O �KM"QC| OHpCD0BEDeJ	? BED

Γ
G7FzM}@>D0M"FH9�BHD�?"J

OPp�D0BH@>M": D ��De=eOHF06
��pCDTQC? Q2��|CG7@>DeQCFHG7? Q�M":�¦dG;FEFHG;ACM\OPG7? Q}Q�9C@LI!D0B

Di
|CD 	�QCD0|�M"F

Di =
α̃gd

C̃p

=
γ̃ − 1

γ̃

gd

R∗T̃

� 5 675�x �

:;G7Q ��FgOPpCDT=e? @>A�BHD0FEFHG7ICG;:7G7O�<vA�M"BHM"@>D�OPDeB
Co

M\QC|
Γ

G7Q[OHpCDzJ	? :;:7?�niG;QC��n3M^< 

Co =
Di

Γ
=

1

γ̃

gd

R∗T̃

� 5 675^���

nipCDeBHD OPp�D[¦dG;FEFHG;ACM\OPG7? Q�Q�9C@LI!D0B
Dio

|�D 	�QCDe|)M�O�OPp�D}? 9�OPDeBLI!? 9CQC|�M\BE< p�M"F�OH? I�D 9�FHD0|
G;Q �f5 6o5�����OP?>BHDeniBEG7OHD �f5"675^l���G;Q�OH? �f5"675�� ��6���pCDL=jpC? G7=0DL?\J�OPpCD�? 9�OPDeBdI!? 9CQC|CM"BE<[OP? 	�]�OHpCD

W\l



������� � � � ��
 � � � � � � � ��� � � � � � ���

��|CD^M":�� M"F ¦dG7@>DeQCFHG7? QC:7D0FHF�D ]�ACBHDeFHFHG7? Q
y2<2@LI!? : 81:;9CG7|}ACBH? A!D0BfO�< D�]�ACBHDeFHFEG;? Q G7Q}OPpCDTBHD�J	D0BED0QC=eD�FfOjM\OHD

ρ
¦dD0QCFEG7O�<

p/R∗T ρ̂ =
FHDeD �f5 6XW\a��

µ
¦�<2Q�M"@vG;=K�2G7FH=0?"FHG7O�<  ρν

M �d5 � I �
ρ̂

ν
�zG;Q�D0@>M\OPG7=��2G;FE=0? FEG7O�< M��

1/ρ̂
� I �K5

k
��pCDeBH@>M":�=0?"QC|C9C=�OPG7�2GoO�<  κρCp

= �z5 � | �
ρ̂

κ
��pCD0BE@sM\: |CG���9CFEG7�2G7O�< = �

1/ρ̂
� | �K5

α
��pCDeBH@>M":�D�]�A�M\QCFHGo��GoO�< −1

ρ

(
∂ρ
∂T

)
p

1/T 1

χ
T

��FE?"OPp�D0BH@>M": =e? @vACBHDeFHFHG7ICG;:7G7O�<  1
ρ

(
∂ρ
∂p

)
T

1/p 1/p̂

Γ
rzBHt�QCD0G7FHD0Q{A�M"BHM"@vDeOPDeB  1

ρCv

(
∂p
∂T

)
v

γ − 1
`

Cp
y�A!D0=eG�	�=TpCD0M\O�M\Oi=0?"QCFEOPM"Q�O�A�BHD0FEFH9CBED γ

γ − 1R∗
5

Cv
y�A!D0=0G�	�=TpCD^M�OdM�Oi=0? QCFfOjM"Q�Oi� ?":;9C@vD R∗

γ − 1
5

γ Cp/Cv = 1 + αΓT
5

�¨M\IC:;D�5 6o5  ¦dD 	�QCGoOPG;?"Q�?"JC¡C9CG;|�ACBH? A!D0BfOPG7D0F¨Ff<2@LI�?":;F�M\QC|�OHpCD0G7B¨D�]�ACBED0FEFHG;?"Q�G;Q�OHpCD3BEDeJ	DeBHD0Q�=0D
FfOjM\OHDKJ	? BgOPpCDzFEG;@vAC:;G�	�D0| M"QCD0:;M"FEOHG;=zM\ACACBH?^]�G;@>M\OHG;? Q �	=^M"FED3� � � G;Q OHpCDKJ	? :7:;?�niG;QC�
A�M\� D � 6�cdQ�<[|CG;@vD0Q�FHG;?"QC:;DeFHFgBEDeJ	D0BED0QC=eD�FfOjM\OHDz�"M\BHGNM\IC:;D

f̂
G7F�? I�OjM\G;QCDe|{I�<

f̃/f̃o
6

=0? Q�FEOjM\Q�O��\M":;9�DzG;Q �f5"675�a � 	�]�D0| M\Fgn3De:;: OPp�DSFHM"@vDS:7De�"D0: J	? B
Di

G7Q �f5 6o5��
� 6
��pCD�¦dG7FHFHG7A�M\OHG;? Q Q�9C@�I�DeB

Di
G7FzM @>D0M"FH9�BHDL?"J OHpCD0BE@sM":1D ��D0=�OPFz|C9CDLOH?}=0? @vACBED0FHFEG;ICG7:;GoO�< £

Q�M"@vD0:o< £§M"|CG;M"I�M\OHG;= pCD0M\OPG7QC� M\QC| �2G7FH=0?"9CF pCD0M\OPG7QC� �&�3pCBEG;FfOPD0Q�FHD0Q�M"QC|�� 9CD0Q�£�5�V ��� �
y�=jpC@vD0:7G;QC�C£�5�V � V
��6�y�G7QC=0D�I!?"OHpRD ��De=eOHF�M"BED�FH=0M":;De|(niGoOPp OPp�DvFHM"@vD�|CG;@vD0QCFEG;? Q�:;D0FEFKQ�9C@��
I�DeB0£�I�?\OPp OPDeBH@vF�M\BHD�QCD0�":;D0=�OPDe|�G;Q OHpCD�OPD0@vA!D0BPM�OP9CBEDvDeZ�9�M\OPG7? Q �f5 6ma �dnipCDeQ

Di = 0
£�M"F

G7OiG7FiOHpCDS=^M"FED�G7Q[OHpCD�Y3? 9CFEFHG;Q�D0FHZ[M\ACACBH?^]�G;@>M\OHG;? Q 6 8�9CBfOPpCDeBH@v? BHD\£
Di

G;F�M�BPM\OHG;?�I!DeO�n�D0D0Q
O�n3?�:;DeQC�"OPpvFH=0M":;DeF  OHpCDiOPpCG7= �2Q�D0FHF�?"J�OHpCD�FHpCDe:;: d M\F OHpCD�=jpCM"BPM"=�OPDeBHG;FfOPG7=�=e? Q�� De=eOPG7? Qs:7D0QC�\OPp
FH=0M":;DT?"J�OPpCDTFf<�FfOPDe@u£�M"Q�|{OHpCDzOPD0@vA!D0BPM�OP9CBEDzFH=^M\:;DTpCD0G7� p�O

HT
|CD 	�QCDe| M"F

HT =

(
1

T̃

∣∣∣
dT̃

dr

∣∣∣
)−1

=
γ̃R∗T̃

(γ̃ − 1)g
=

C̃p

gα̃

�f5"675�V �

M"F�OHpCD>�"D0BfOPG;=0M": �#? BSBPM"|�GNM": �z|�G;FEOPM"QC=eDs?�� DeB�nipCG7=jp M�A�M"BE=0De:�?"J3¡�9CG;| @L9CFfOLI!Ds@v?��"D0|.G7Q
? BH|�D0B�OH?�=jp�M\QC� DdGoOPF BHD�J	D0BHDeQC=0D�OPD0@vA!D0BPM�OP9CBED�I�<>M"|CG;M"I�M\OHG;=iD�]�A�M"Q�FHG;?"Qs? B =0? @vACBED0FHFEG;? QsI�<
MLJ#M"=eOH? Bi?"J

e
6���p�D0Q

Di =
d

HT
� 1

� 5 6XW\`��
OPpCDTBED0� G7? Q nipCD0BEDT=0? Q�� De=eOHG;? Q{=^M"Q{|CD�� D0:7? A{p�M"F�QCD0M"BH:o< =0?"QCFEOPM"Q�O�BEDeJ	DeBHD0Q�=0DTOPD0@vA!D0BPM�OP9CBED
M"QC|ROPp�9CF0£¨FHG;Q�=0D>OHpCD0BED>G7F�Q�?�I�M"FEG;=�OPDe@>A!D0BHM\OP9CBED�FEOPBHM\OPG�	�=^M�OPG;?"Q £��2G7FH=0?"9CF�M\QC|.M"|�GNM"I�M�OPG;=
pCD^M�OPG;Q�� F¨nipCG7=jp>M\BHD�MK=e? QCFHDeZ�9CD0QC=eD�?\J�OPpCDgOHpCD0BE@sM":2FEOHBPM\OHG�	�=0M\OPG7? QL|C9�DgOP?z=0?"@>ACBED0FEFHG;I�G;:;GoO�<
M"BHDTQCDe� :;G7� G;I�:;D�G;Q}OPpCDT=e? Q�� D0=�OPG7QC�>BED0� G7? Q 6
��pCD3=e? @vACBHDeFHFHG7ICG;:7G7O�<dA�M"BPM\@>D�OPD0B

Co
£\? QSOPpCD ?"OHpCD0B�p�M"QC|�£"G;F1Mi@>D0M"FH9CBED�?\JCOPpCD @vD0=jp�M"Q�G;=^M\:

D ��D0=�OPF |C9CD�OP?z=e? @>A�BHD0FEFHG7ICG;:7G7O�< £"Q�M"@vD0:7<"£"OPp�D�|�D0QCFEG7O�<�FfOPBPM�OPG�	C=^M\OHG;? Q 6¨y�G7@>G7:NM"BE:7<TM"F
Di

£
Co

W �



� ����� ��� ����� ��� � ����� � ��� � � ��� 	 � � � � ��� � � � �+� � � � � � 
	�
��� � � � ��� 
�� � � � 


G;FiM�BHM\OPG7?�I�D�O�n3DeD0Q
d
£�M\QC|{OHpCDT|CD0Q�FHG7O�< FH=^M\:;DTpCD0G7� p�O

Hρ
|CD 	CQCD0|�M"F

Hρ =

(
1

ρ̃

∣∣∣
dρ̃

dr

∣∣∣
)−1

=
γ̃R∗T̃

g
.

� 5 6XW25 �

��pCDeQ
Co =

d

Hρ
� 1

� 5 6bW W �
OPp�D{BED0� G7? Q.nipCDeBHD{=0? Q�� De=eOHG;? Q�=^M"Q�|CD�� D0:7? A�p�M"F�QCD^M\BH:7<�=0? Q�FEOjM\Q�Ov|CDeQCFHGoO�< I�M"= ��� BE? 9CQC|
M"QC|.OHp�9CF0£�FEG;QC=eDsOPpCDeBHD G7F�QC? ICM"FHG7=s|CDeQCFHGoO�<�FfOPBPM�OPG�	C=^M\OHG;? Q £�OPpCDs=0? Q�OPG7Q�9CG7O�< D0Z�9�M\OHG;? Q�G;Q
�f5"675 ��FEG;@vAC:;G�	�D0F�OH?

∇ ·u = 0
6���pCG7F�FEG;@vAC:;G�	�D0|�=0?"Q�OHG;Q�9CGoO�<�D0Z�9�M\OHG;? QvG;F =jp�M"BHM"=eOHD0BEG;FEOHG;=�J	? B

M�FE<2FEOHD0@ niG7OHp[=0? QCFfOjM"Q�O�|CDeQCFHGoO�< £!M"F�G;Q}OHpCDSY3? 9CFEFHG;Q�D0FHZ[M\ACACBH?^]�G;@>M\OHG;? Q 6

& /�/1���0/��*��
����#�!�-����2-^'1� ���#�+R$����!�
Co


� �
Di

��pCD �\M":;9�D0F(? B(M"Ff<�@vA�OH?"OPG7=.:;G7@>GoOPF�?\J
Co

M"Q�|
Di

£�nipCG7=jp 9CQ�G7� ?2=^M\:;:7<¥D0FfOjM"I�:;G;FEp�OPpCD
�\M":;9�D>? B�M"FE<2@vA�OP?\OPG;=v:;G7@>GoOz?"J

Γ
OPpCBE? 9C� p � 5 6o5�� � £�|CDeOHD0BE@>G7QCDvnip�DeOPp�D0BLOPp�D Y3? 9�FHFHG7QCD0FEZ

M"ACA�BH?^]�G;@>M\OPG7? Q ? B�OPpCDuM"QCDe:NM"FfOPG;={M"A�ACBH?^]�G;@>M\OPG7? Q G;F��\M":;G7| 6%Y3DeO�n�D0DeQ OPpCDe@u£3OHpCD0BED�M\BHD
O�n�?>G7Q�OHD0BE@>De|CGNM\OHDK=^M\FHD0F�?"J1A�M"BfOPG;=e9C:NM\BgG;Q�OPDeBHDeFEO^6
� ) Y3? 9CFEFHG7QCD0FEZ[M"ACACBE?�]�G7@sM\OHG;? Q  Co → 0

£
Di → 0

£
Γ > 0

� � ) �¨]�OHD0QC|�D0| Y3?"9CFHFEG;QCDeFHZ[M"ACA�BH?^]�G;@>M\OPG7? Q  Co → 0
£

Di > 0
£

Γ → ∞
� � � ) y�G;@vAC:7G�	�De|}M"QCDe:NM"FfOPG;=TM\ACACBH?^]�G;@>M\OHG;? Q  Co > 0

£
Di → 0

£
Γ → 0

� � ) cdQCDe:NM"FfOPG7=TM"ACACBE?�]�G7@sM\OHG;? Q  Co > 0
£

Di > 0
£

Γ > 0
��Q OPpCD_=0M"FHDeF � �©M"QC| � � �¥M"F�G7O n3M"F�ACBEDe�2G;?"9CFH:o< D ]�A�:NM"G7QCD0| OPp�D0BHD_G7F QC? |CDeQCFHGoO�<
FEOHBPM\OHG�	�=0M\OPG7? Q ? BsG7O}G7F QCD0�":;G;�"G;IC:7DuG7Q OPpCD =e? Q�� D0=�OPG7QC�%BED0� G7? Q £i:;D0M"|CG7QC��OP? OHpCD =0:;M"FHFEG;=^M\:
=0?"QC|CG7OHG;? Qs?"J¨G7QC=0?"@>ACBED0FEFHG;I�G;:;GoO�<

∇ · u = 0
6 � ?�n3D�� DeB0£!G;Q � � ��OHpCDzBHD�J	D0BED0QC=eDTOHD0@vA�DeBPM\OH9CBHD

G;F3FEOPBHM\OPG�	�D0|sFHG;Q�=0D
Di > 0

M"QC| OPp�D0BHD�J	? BHD\£�OPp�DzM"|CG;M"I�M\OHG;=�M"QC|}�2G;FH=e? 9CFgp�D^M\OHG;QC� Fe£CBHD�J	D0BEBHD0|
G;Q OPpCD>:;G7OHD0BHM\OP9CBEDsM\F�� QC?"Q���I!? 9CFEFHG;Q�D0FHZ(D ��De=eOPF��j£�p�M^�"D OP? I!D>OPM �"DeQ�G7Q�OP? M\=0=0?"9CQ�O�G;Q�OHpCD
D0Q�D0BH�\<[D0Z�9�M\OHG;? Q 6
��Q¢OHpCD =^M\FHD0F � � � �RM"QC| � � �(OPp�D |CD0Q�FHG7O�< FEOHBPM\OHG�	�=0M\OPG7? Q¤G;F�Q�?"O.QCDe� :;G7� G;I�:;D M"QC|�M"F M
=0?"QCFHDeZ29�D0QC=eD

∇ · u 6= 0
6 � ?�n�De� DeB0£ G;Q�OHpCD =0M"FHD � � � � £¨FHG7QC=0D

Di → 0
? BLDeZ�9�M":;:o<RFPM"G7|

Γ → 0
£�OHpCD[M"|CG;M"I�M\OHG;= M\QC| ��G7FH=e? 9CF�pCD0M\OPG7QC� FL=0M"Q I�D}QCDe� :;De=eOHD0| :;D0M"|CG;Q���OP?(M FHG7@>G7:NM"B

OPDe@>A!D0BHM\OP9�BHDzD0Z�9�M�OPG;?"Q�M"F�G7Q}OPpCDSY3? 9�FHFHG7QCD0FEZ}=^M"FED"6
��pCD}D ]�OHD0QC|�D0|�Y3? 9CFEFHG7QCD0FEZ.M"ACA�BH?^]�G;@>M\OPG7? Q�p�M\FLI�DeD0Q M"A�AC:;G7D0| OH? FEOH9C|�< � M"BfOPp.@>M"Q�OP:7D
=0?"Q��"D0=�OPG;?"Q �*y�=jpC@vD0:7G;QC�C£�5�V � V��¤y2OPDeG;Q�I�M"=jp{DeO�M":*67£ 5^V � V��¤y�OPD0G7Q�I�M"=jpuM"QC|�� 9CD0Q £�5^V V � � 6
y�G7QC=0D�OPp�D�|CD0QCFEG7O�<T?"J�FHG7:;G7=^M\OHD0F G7QC=0BED^M"FED0F,I�<3� `�� J	BH? @©OHpCD�OP?"ASOH?iOHpCD I�?\OHOP?"@ �	OPM ��G;QC��G7Q�OP?
M"=e=0? 9CQ�OsACp�M"FED M"QC|%=0? @vA�?"FHG7OHG;? QCM":g=jp�M"Q�� D0F � �*¦dqeG;D�n3? Q�F ��G�M"QC|{cdQC|CDeBHFE? Q £�5�V ��5 ��£gOHpCD
|CDeQCFHGoO�<>FfOPBHM\OPG�	�=^M\OHG;? Q�?"J � M\BEOPp>@sM\Q�OH:;DiG;F @v?�|CDeBPM\OHD�OP?�FE:;G7� p�O^6�8�9CBfOPpCDeBH@v? BHD\£�OPpCD�:NM\OHD0Q�O
pCD0M\OLD ��De=eOPF�?\J�ACp�M"FEDsOPBHM"QCFEG7OPG7? QCFSFH=0M":;DsM":;FE?�niG7OHp

Di
�&�3pCBEG;FEOHD0QCFED0Q�M"QC|�� 9CD0Q £�5^V ���
� £

M"QC|.OHpCD0BEDeJ	? BED"£�OHpCD�� Q�? Q���I!? 9CFEFHG7QCD0FEZ D ��De=eOPF��}G7QC=0:79C|CG;Q��{OHpCD ACp�M\FHD OPBHM"QCFEG7OPG7? QCFS=^M"Q I!D

W �



� ����� ��� � �,
 � � � � � ��� 	 � � � � ����� � � ����� � ��� �	� ��� � 
 � � � � � � � ����� �

FEOH9C|CG;De|uG7� QC? BEG;QC��OPpCDTD ��D0=�OPF�?"J1|CD0QCFEG7O�<[=jp�M\QC� D0F�D�]�=eD0A�O�G;Q OHpCDT� BPM^�2G7O�< OHD0BE@u6
�3? QCFEG;|CDeBHG;Q�� OHpCD FHG7@>AC:7G�	�De| M"QCDe:NM"FfOPG;= M\ACACBH?^]�G;@>M\OHG;? Q £ OHpCD0BED§pCM"F I!D0DeQ Q�? n�? B �
AC9CIC:7G;FEpCD0|}< D�O^62��OPF�@>M"G7Q}M"|��\M"Q�OjM\� DzG;F3OHp�M\O�OHpCDzD ��D0=�OPFi?"J�=0? @vACBED0FHFEG;ICG7:;GoO�<sM\BHG;FEG;QC��J	BH? @
OPpCDR|CDeQCFHGoO�<�FEOPBHM\OPG�	�=^M�OPG;?"Q =0M"Q©I!D(FEOH9C|CG;De|©G7Q¥M\Q©G;FE?"OPp�D0BH@>M":KBHM\OPp�D0B}OPp�M\Q©M"|�GNM"I�M�OPG;=
BHD�J	D0BHDeQC=0D�FEOjM�OPD"6���p�9CFe£iOHpCDuM"@>?"9CQ�Os?"JKQC? Q���:;G;Q�D^M"BEG7OPG7D0FLG7Q�OHpCD�A�BH? IC:7D0@kBED0@>M"G;QCF�OHpCD
FPM"@vD�M"FzG7Q OPpCD�Y3?"9CFHFEG;QCDeFHZ =^M\FHD �#BED0=0M":;:¨OHp�M\OKOHpCD��2G;FH=e? 9CFTM"Q�| M\|CGNM"ICM\OPG7=�pCD0M\OPG7QC� FzM"BED
QC? Q���:;G7QCD^M"B�OPD0BE@>F�G7Q}OPpCDzOPDe@>A!D0BHM\OP9�BHDzD0Z�9�M�OPG;?"Q � 5 6ba
� � 6
y�G;Q�=0D ��M"F¤� GNM\Q�O A�:NM"QCD�OPF��(M\OP@v? FHA�pCD0BED0F¤|CG;FEAC:NM^< p�G;� p |CD0Q�FHG7O�< FfOPBHM\OPG�	�=^M\OHG;? Q�£�OHpCD
FHG7@>AC:7G�	�De| M"Q�D0:NM\FEOPG7=�M\ACACBH?^]�G;@>M\OHG;? Q{FHDeD0@vFKOP? ACBE?���G7|CD�M"Q M"ACACBE? ACBHG;M\OPD�FEOPM"BEOHG;QC�>@>?2|CD0:
OP?�FEOH9C|�<[=e? @>A�BHD0FEFHG7IC:;DKOHpCD0BE@sM":�=0? Q�� De=eOHG;? QuG;Q OPp�D0FHDSFE<2FfOPD0@vF06


 ��$��������� � -e�^
�����$&�!�v���,� -^�#��/¨�#���¨�+� 
���2�	
�-e���#�}
C/�/1���0/��*��
����#�!
��pCDzp�<2|CBH? FfOjM\OHG;=\£�M"|CG;M"I�M\OHG;=iBHD�J	D0BHDeQC=0DTFfOjM\OHD �f5 6o5�� ��G;F �"M\:;G;|vJ	? B�M"Q�<sM"BHI�G7OPBHM"BE<"£ 	CQCG7OHD

CoM"QC|
Γ
6 �1M ��G;QC�{OPpCD>M"FE<2@vA�OP?\OPG;=�:7G;@vG7O

Γ → 0
£�OHpCDv|CG;@vD0QCFEG;? Q�:;D0FEFTBHDeJ	DeBHDeQC=0D>FEOjM�OPD�J	? B

OPpCDTFEG;@vAC:;G�	�D0|[M"Q�D0:NM\FEOPG7=zM"ACA�BH?^]�G;@>M\OPG7? Qs<2G;De:;|CF

ρ̂ =
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, p̂ =
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sin θ

∂

∂θ
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1

sin2 θ

∂2

∂ϕ2
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Co
`�6m` `�6b� 5 6b` 5 6b� W26b` W�6b� a�6m` a�6X� lC6m` l�6X� ��6b`

ρ̂i/ρ̂o
5 6b`"` 5 6"��� W26Xx W lC6 l�� x�6ma V 5�W�6bW W"`�6o5 a"a�675 �\lC6"� V `�6b` 50l��

�1M"IC:;DSW2675  � M":;9CDeFi?"J¨FEpCD0:7: |CDeQCFHGoO�<[BPM\OHG;? F
ρ̂i/ρ̂o
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�gM"FHDTc  ν̂ = 1
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κ̂ = 1

�gM"FHD�Y  ν̂ = 1
£
k̂ �

5
Pr = 1

�gM\FHD�Y��  Pro = 1

Co Rac mc ωc c (Rac)o mc ωc c`�6b`
2.837 × 104 l � a a�6bV"l ����6ml V

2.837 × 104 l ��a a�6mV"l ����6 l�V
`�6X�

4.050 × 104 � �f��5"6b� a �P5�`�6ma�x
3.100 × 104 � ��a���6"� a � x�6ma a

5 6b`
5.500 × 104 � ��� V�6b� ` �P5 5 6"� a

3.003 × 104 � ��a�5 6 l�V � ��6bW �
5 6X�

7.263 × 104 x � � V�6XW"a �P5�W�6bx �
2.570 × 104 x � W"a�6"�"l ��a�6ma �

W�6b`
9.420 × 104 � �j5 5�W�6ml�W �P5^lC6m`��

2.040 × 104 � �P5�x�6b� � � W�6bW"`
W�6X�

1.173 × 105 5^` �j5^l�5 6 �"� �P5^lC6o5�x
1.574 × 104 � �P5�a�6bx x �P5 6bx W

a�6b`
1.281 × 105 5�� �j5�x���6ba\l �P5 5 6bx �

1.182 × 104 V �P5�`�6ma�x �P5 6o5��
a�6X�

1.316 × 105 5 � �fW"`�5 6ba x �P5�W�6b�"V
8.700 × 103 V � x�6"� a ��`�6m���

lC6b`
1.348 × 105 5�x �fW W\`�6ml�� �P5�W�6mV�x

6.300 × 103 V � ��6 l l ��`�6"� `
lC6X�

1.382 × 105 5^� �fW"a ��6 �"a �P5�a�6m` V
4.500 × 103 V ��a�6bx"V ��`�6 l�W

��6b`
1.420 × 105 5^V �fW\l ��6ba � �P5�a�6m`�x

3.190 × 103 V � W�6"� ` ��`�6bW"V
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�gM"FEDSc  ν̂ = 1
£
κ̂ = 1

�gM"FED�Y  ν̂ = 1
£
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5
Pr = 1

�gM"FHD�Y��  Pro = 1

Co Rac mc ωc c (Rac)o (Rac)i mc ωc c`�6m`
9.920 × 104 � � x"V�6m` a �j5�a�6o5�x

9.920 × 104 9.920 × 104 � �fx"V�6m` a �j5�a�6o5�x
`�6b�

1.560 × 105 x �P5 5�V�6 l�� �j5�x�6m`�x
1.161 × 105 1.916 × 105 x � �"lC6o5 5 �j5�W�6m`�W

5 6m`
2.268 × 105 � �P5���5 6bW � �fW"`�6o5��

1.167 × 105 3.174 × 105 � �fx"a�6bx�5 � V�6bW�5
5 6b�

3.163 × 105 5�` � W"`�5 6ma a �fW"`�6o5�a
1.007 × 105 4.511 × 105 5�` �f� W�6m��x �f��6bW"V

W�6m`
4.292 × 105 5 5 � W\l�V�6bx"V �fW W�6bx�5

7.980 × 104 5.897 × 105 5�W � a�x�6o5�� � a�6o5�`
W�6b�

5.653 × 105 5�V ��a a V�6m`�W �j5�x�6m�"l
6.110 × 104 7.454 × 105 5�W �fW"V�6ma"l �fW�6 l��

a�6m`
6.103 × 105 W"a ��l�` `�6o5�V �j5�x�6 l�`

4.580 × 104 9.206 × 105 5�a �fW�5 6m��x �j5 6"� �
a�6b�

6.240 × 105 W x ��l l�a�6bx�5 �j5���6 l�a
3.360 × 104 1.112 × 106 5�a �j5���6mV�� �j5 6bW"a

lC6m`
6.266 × 105 W"� � �"`�W�6ma�W �j5�x�6mV"l

2.420 × 104 1.321 × 106 5�a �j5 5 6bW\l � `�6m���

lC6b�
6.286 × 105 a ` � �"a���6m� V �j5�x�6m���

1.720 × 104 1.548 × 106 5^l � ��6m` ` � `�6b� x
��6m`

6.319 × 105 a�5 � � x"��6 l�` �j5�V�6"���
1.205 × 104 1.783 × 106 5^l �f��6 l�x � `�6ma V

�1M"IC:;DSW26ba  �3BHG7OHG;=0M": �\M":;9CDeF�J	?"B�? Q�FHDeO�?"J�=e? Q�� De=eOPG7? Q�J	? B
ν̂ = 1

M\O
E = 3 × 10−4 J	? B�OHpCD

=^M"FED0F�c M\QC|�Yg��6

�gM"FHD�Y  ν̂ = 1
£
k̂ �

5
�gM"FHDSY!�  Pri = 1

Co (Rac)o (Rac)i mc ωc c`�6m`
9.920 × 104 9.920 × 104 � �fx\V�6b`"a �P5�a�6o5�x

`�6b�
9.732 × 104 1.606 × 105 x �j5�W ��6mV a �P5�x�6mV V

5 6m`
8.480 × 104 2.306 × 105 � �j5�x x�6o5�W � W W�6o5^l

5 6b�
6.814 × 104 3.053 × 105 � �fW\a V�6o5�V � W"V�6mV `

W�6m`
5.204 × 104 3.846 × 105 V � a"`�x�6m` V ��a"lC6o5�W

W�6b�
4.002 × 104 4.882 × 105 5�` � a � `�6b� W ��a���6m`��

a�6m`
2.931 × 104 5.891 × 105 5�` ��l�W"V�6m` � ��l�W�6mV�5

a�6b�
2.102 × 104 6.957 × 105 5�` �f�\`�5 6bx � � �"`�6o5��

lC6m`
1.554 × 104 8.485 × 105 5 5 �f�\a `�6b�"V ��l���6bW\l

lC6b�
1.033 × 104 9.297 × 105 5 5 ���"a���6o5�� � � x�6bx\l

��6m`
7.183 × 103 1.063 × 106 5 5 ���"V�x�6b�"a � � a�6 lC5

�1M"IC:;DSW26ml  �3BHG7OHG;=0M": �\M":;9CDeF�J	?"B�? Q�FHDeO�?"J�=e? Q�� De=eOPG7? Q�J	? B
ν̂ = 1

M\O
E = 3 × 10−4 J	? B�OHpCD

=^M"FED�Y!�j6
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y�Z�9�M"BHDeF  E = 1 × 10−3 6 �3G7BH=e:;D0F  E = 3 × 10−4 6 rzBPM^<  κ̂ = 1

�	=^M"FED>c ��6
Y3:NM"= �  k̂ = 1

�	=^M"FED�Yg� � 6

Rac
£
mc

M"QC|
ωc

J	? BH@�J	?"B�D^M"=jps�\M":79CDi?"J
E

FED0A�M"BHM\OPD�� BE? 9CACF niG7OHp>FEG;@vG;:NM\B1�\M"BHG;M\OPG7? QLniG7OHp
Co

M"F�FHpC?�niQ J	? B
Rac

G;Q 	C� 9CBHDKW�6"��6���pCG7F3G;Q�|CG;=0M\OPDeF OHp�M\O3OHpCDd|�D0A!D0QC|CDeQC=0Dz?"Q
E

M"Q�|
CoG;F�FED0A�M"BHM"IC:7D�M\QC|{OHpCD0Q�£

Rac
£
mc

M"QC|
ωc

@sM^<}I!DTBHD0FE=^M":7D0|uM"F

RacE
4/3 = f(Co), mcE

1/3 = g(Co), ωcE
2/3 = h(Co),

M"F
E → 0,

�&W�6mV��
nipCD0BED

f
£
g
M"Q�|

h
M\BHDgJ	9CQC=�OPG7? QCF�OPp�M�O G;QC=e:;9C|CDiM\F n�D0:7:COPpCDi|CDeA�DeQC|CDeQC=0D�niG7OPp�OHpCD�� BHM"QC|�OH:

Q�9C@LI!D0B06 81G;� 9CBED0FiW26ba2£�W�6 l�M"QC|{W�6b��|CG7FHAC:;M^<>OHpCDKBHDeFHA!D0=�OPG7�"DzBHDeFH=^M\:;D0|[=e9CBE�"D0F0£Cnip�G;=jp}FHp�?�n
G;Q>@>? FfO3?\J�OPpCD�=^M"FED0F�M�FfOPBEG ��G;QC�S=0?":;:NM\ACFHDiJ	BH? @_O�n�?L=09�BE� DeF�G;Q�OP?�? QCD\6 ��OgG;F QC?"O3=0:7D^M"B nip�<
J	? BLOPp�D}=^M"FEDuYg��£

RacE
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?"J
Co

6�y�G7QC=0D
Pr > 1

M�OKDe�"D0Bf< A�?"G;Q�OK?"J OHpCDLFHp�D0:;:1J	? B
Co > 0

£�OPpCD�M\FE<2@>A�OP?"OHG;=LA!?�n3DeB
4/3

FHpC? 9�:;| I!D I�D�OHOHD0B�FPM�OPG;F 	�D0|.OHp�M"Q J	? BSOPpCD}=0M"FHD}c�£1nipCDeBHD
Pr = 1

� ��p�M\QC�C£ 5�V"V�5 ��6
�3BHGoOPG;=0M":��\M":79CD0F�M\Oi:7?�n3DeB

E
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Co
6[��pCD>G;QC=eBHD^M\FHG;Q��uFfOPBPM�OPG�	C=^M\OHG;? QR=0? Q 	�QCD0F�OPpCDv=0? Q��"D0=eOHG;? Q.OH?�G7QC=0BED^M"FEG;QC� :o< Q�M"BEBH?�n�D0B

BHDe� G;? Q�F�M"Q�| OPp�Dvn3M^� D Q�9C@LI!D0BSG;Q�=0BHD0M"FHDeFLM"=e=0? BE|CG;Q�� :7<"6s��pCD>@>? FfOSBHD0@>M"B �\M\IC:;D�=jp�M"Q�� D

l�x



��� � 
 ���!��� � ��� � � ��� � ���

0 1 2 3 4 5

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

Compressibility parameter (Co)

1.00 1.65 2.72 4.48 7.39 12.2 20.1 33.1 54.6 90.0

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2
M

o
d
if
ie

d
 c

ri
ti
c
a
l 
w

a
v
e
 n

u
m

b
e
r 

(m
c
E

1
/3

)

Shell density ratio ( ρ
i
/ρ

o
)^^

81G;�C6CW�6ml  �u?2|CG�	�De|w=0BEG7OHG;=^M\:[n3M^� D Q�9C@LI!D0B
mcE

1/3 AC:;?"OEOPDe| M"F M J	9�QC=eOHG;? Qw?\J
Co

6
y�Z�9�M"BED0F  E = 1 × 10−3 6 �3G7BH=e:;D0F  E = 3 × 10−4 6 rTBHM^<  κ̂ = 1

�	=^M"FED
c � 6�Y3:NM\= �  k̂ = 1

�	=^M"FED�Yg� � 6
M"ACA!D^M\BHF(M"BE? 9CQC|

Co = 2.5
J	?"B�OPpCD =0M"FHD c�6K8�? B FE@sM":7:;DeB

Co
£�=0? Q��"D0=eOHG;? Q BED0@>M"G;QCF

M\OEOjM"=jpCDe| OH?¥OPp�D%G7QCQCD0BRI!? 9CQC|�M\BE<¤M"FRG7O(G7F�M":7FH? G;Q OPpCD%Y3? 9�FHFHG7QCD0FEZ =^M"FED"6 Y3D�< ? QC|
Co = 2.5

£�=e? Q�� D0=�OPG7? Q FEDeOHFSG7Q(=0:;?"FHDLOP?}OHpCD�? 9�OHD0BzI!? 9CQC|�M\BE< 6�c_FEp�M"BEA G7QC=0BED^M"FED�G;Q OPpCD
n3M��"D�Q29�@LI�DeBz@sM\B ��FKOPpCG7FdOPBHM"QCFEG7OPG7? Q G7Q 	�� 9CBEDvW�6ml�6���pCD�FED0A�M\BPM\OHG;? Q ?"J�=09�BE� DeFTI�D�< ? QC|
Co = 2.5

FH? @vD0pC?�n FE9C� � DeFEOPFuOPp�M\OuOPpCD A�?�n�D0B
1/3

@sM^< QC?"O�I�DRn3De:;:SFH9CGoOPD0|¥nipCD0Q
=0?"Q��"D0=�OPG;?"Q�G;F�:7?�=0M":;G7FHDe| =0:7? FHDeBgOP?�OPpCDT? 9�OHD0B�I!? 9CQC|CM"BE<"6
cgO.FE@sM\:;:;DeB �"M\:;9CDeF�?"J

Co
G;Q¢OHpCD)=0M"FHD)c�£S|CD0QCFEG7O�< FEOHBPM\OHG�	�=0M\OPG7? Q pCM"F.M©FfOjM"I�G;:;G7FHG7QC�

D ��D0=�O�?"Q =e? Q�� D0=�OPG7? Q £¨G7QC|CG7=^M\OHD0|(I�< OPpCD�G;Q�=0BHD0M"FHDv?"J
Rac

niG7OHp
Co

6>cgO�:NM\BH� DeB
Co

£,OPpCD
FEOHD0DeA�DeB>? 9�OPD0B�I!? 9CQ�|�M"BE<.FH:;?"A�D FfOjM"I�G;:;G7FHDeFLOPpCD}=e? Q�� D0=�OPG7? Q M"FLn�D0:7:&6 � ?�nw@L9C=jp�G;FLOHpCD
=0?"Q�OHBHG7IC9�OPG7? Q)?\JzOPpCD |�D0QCFEG7O�<%FEOPBHM\OPG�	�=^M�OPG;?"Q)=0?"@>A�M\BHD0|%OP?�OHpCD FH:7? A!D�D ��D0=�O[=^M"Q�QC?"O I!D
|CG7FEOPG7QC� 9CG7FHpCDe|{niGoOPp[OPpCG7Fi@>?2|CD0:*6 � ?�n3D�� D0Be£�OHpCD�Q�D^M"BE:7<[=0?"QCFEOPM"Q�O

Rac
FE9C� � DeFEOPFiOPpCM\O�OHpCD

|CDeQCFHGoO�<�FfOPBPM�OPG�	C=^M\OHG;? Q�M"QC|.OPp�D ? 9�OHD0B�I!? 9CQ�|�M"BE< G;Q�=0:;G7Q�M\OHG;? Q(@v?�|CGoJ <(? QC:o< FE:;G7� p�OP:7< OHpCD
=0?"Q��"D0=�OPG7�"D�G7QCFEOPM"ICG;:7G7O�<"6
��pCD |�D0=0BED^M"FED ?"J

(Rac)o
niG7OHp

Co
G7Q%OPp�D =^M"FED YwG;FvBHDe:NM\OHD0|)OH?�OPp�D��\M"BHG;M\OPG7? Q%?\JzOPpCD

BPM\|CGNM":�ACBH? 	�:;DK?\J
κ̂
niG7OHp[|CG���D0BED0Q�O

Co
6�cdF

Co
G7QC=0BED^M"FED0Fe£COPpCDzBHM\OPG7? F

κ̂i/κ̂o
|CD0=eBHD^M\FHDSM"QC|

l��
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6
y�Z�9�M"BHDeF  E = 1 × 10−3 6 �3G7BH=e:;D0F  E = 3 × 10−4 6 rzBPM^<  κ̂ = 1

�	=^M"FED>c ��6
Y3:NM"= �  k̂ = 1

�	=^M"FED�Yg� � 6
OPpCDeBHD�J	? BHD\£

(Rac)o
BHD�¡�D0=�OPF�OHpCDv=0? Q�� De=eOHG7� DsG;QCFfOjM"ICG7:;GoO�< ?"JiM{FHpCDe:;:�niG7OHp�FE@sM":7:;DeBz@>D0M"Q

κ̂OPp�M�OKBHDeFH9C:oOPFKG7Q�OPp�DL|CD0=eBHD0M"FHD�?"J
(Rac)o

niGoOPp
Co

6K��p�9CF0£�=0? @vA�M"BEG;FH?"QCFdI!DeO�n�D0DeQ
(Rac)oJ	? B�|�G���D0BHDeQ�OL�\M":;9CDeFL?"J

Co
|�? Q � O�� G7�"D}M�=e:;D^M\BLACG;=�OP9CBED>nipCD�OPpCDeB�|CD0Q�FHG7O�<�FEOHBPM\OHG�	�=0M\OPG7? Q

FEOPM"ICG;:7G;FED0FgOPp�DSFf<2FEOPDe@ ? B�QC?"O06
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=0? Q�FEOjM\Q�OvM\F�G;Q ? 9CB�=^M"FED}c�£¨OHpCD0G7BL� BPM^�2G7O�< |CDe=0BHD0M"FHDeF>FE:;G7� p�OP:7< niGoOPp BHM"|CG;9�F�M"QC|
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Case C Case DO
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M\QC| OPpCD�G7@>A!? FHDe| I�?"9CQC|�M"Bf< =e? QC|CGoOPG;?"QCFKp�M^� D�QC?

M"QC�"9C:NM"B�|CDeA�DeQC|CDeQC=0D\6 8¨G�]�De|%OHD0@vA�DeBPM\OH9CBHD �
Ts|(ri,ro)

��? B 	�]�D0| pCD0M\Ov¡�9�] � dTs
dr
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= 1
M\QC|
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∑
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(
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ro − ri

)n
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n n!

]

− 1

r
exp

[
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(ro − ri)
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exp

(
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(
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)
+
∑
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(
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1
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∑
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n
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k const (Co=0.0)

κ const (Co=1.5)

κ const (Co=3.0)

κ const (Co=5.0)
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E = 3 × 10−4 M\QC| OHpCDsBHM"|CG;9�FSBHM\OPG7?uG7F
η = 0.35
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��pCD���BPM"QC|�OP:�Q�9C@LI!D0B G;F

Pr = 1
G7Q�OHpCD�Y3? 9CFEFHG7QCD0FEZv=0M"FHD�M"QC|v@v?�|CDe:Cc�£2M"Q�|v�\M"BEG;D0F�J	BE? @

Pri = 1
M\OiOHpCD�G7QCQCDeB�I!? 9CQ�|�M"BE<}OH?

Pro = 0.22
£
Pro = 0.05

? B
Pro = 6.76 × 10−3 J	? B

Co = 1.5
£
Co = 3

M"QC|
Co = 5

BHDeFHA!D0=eOHG7�"D0:7<"6

Ra/Rac Ek (Em=0
tor /Ek) × 100 (Epol/Ek) × 100 Nu5 6o5�`

5.82 × 100 ��6bW W W �26b`�x 5 6b` W�5
5 6b�"`

2.90 × 101 a"lC6ma�5 5�x2675�V 5 6b` � `
W�6bW"`

6.74 × 101 l�V�6b�"` 5�W26X�"� 5 6b`"V��

W�6m� `
1.16 × 102 � ��6m��5 5�`�6ml�a 5 675�W W

a�6bW"a
1.64 × 102 � `�6mV�x V�6ba�5 5 6750l�`

lC6m` `
3.14 × 102 ����6 l�� x26X� W 5 675�x"a

��6m` `
5.08 × 102 �"lC6"� � 5�`�6ba � 5 6ba"`��

��6b�"`
1.16 × 103 x"`�6m`�5 V�675�� 5 6ml a��

x�6b�"`
1.73 × 103 x\lC6m` V x26 ��x 5 6ml � a

��6b�"`
2.40 × 103 x"��6ma a ��6 ��� 5 6X��l��

5�`�6m`
3.66 × 103 � `�6m� V ��6XW"� 5 6 �"��W

�1M"IC:;Dzl�6XW  ��G;@vD�� M^�"D0BPM\� D0|RACBH?"A�DeBEOPG7D0FTG;Q OHpCD�FH9CA!D0BE=0BHGoOPG7=^M":�BED0� G7@>D�J	? BzOPpCDvY3? 9�FHFHG7QCD0FEZ
=^M"FED�M\O

Pr = 1
M"QC|

E = 3 × 10−4 6
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Co Ra/Rac Ek (Em=0
tor /Ek) × 100 (Epol/Ek) × 100 Nu5 6m` 5 6o5�`

8.57 × 100 5�W�6mV ` W"V�6XW"a 5 6m`�5^l
5 6b� 5 6o5�`

9.02 × 100 5���6ma�x a�W26 ��W 5 6m`�5 5
5 6b�"`

5.04 × 101 l�a�6m` ` W�5"6ml�� 5 6m`"l�W
W�6bW"`

3.35 × 102 ��x�6bx W 5�W26ba V 5 6o5 5�V
W�6m� `

1.29 × 103 x ��6m� a ��6bV"l 5 6bW � `
a�6bW"a

2.38 × 103 x"V�6bW"` x26b��� 5 6ma�� V
lC6m` `

5.20 × 103 � a�6m` V ��6 � � 5 6b�"V�5
��6m` `

1.08 × 104 � a�6b� � ��6 ��x W�6m`�5 5
W�6m` 5 6o5�`

1.09 × 101 W"`�6ma V a a�6ba � 5 6m`�5�`
a�6m` 5 6o5�`

6.61 × 100 5�a�6m`�� l��26ba�W 5 6m`�5�`
5 6b�"`

1.94 × 102 � a�6"� ` 5���6bV�� 5 6m`�x"`
W�6bW"`

2.12 × 103 � `�6bx � ��6b� ` 5 6ma�5�W
W�6m� `

5.73 × 103 ��5 6 lC5 ��675�a 5 6bx"`�5
a�6bW"a

9.40 × 103 ��5 6"� ` ��675�W W�6m`�W W
lC6m` 5 6o5�`

5.16 × 100 ��6o5�x � W26b`�5 5 6m`�5��

��6m` 5 6o5�`
3.58 × 100 lC6m��5 �"V�675 5 5 6m`�W �

W�6bW"`
1.39 × 102 ��x�6mV ` 5�x26b�"l 5 6o5^l��

W�6m� `
7.28 × 102 � a�6bW"` 5���6Xx W 5 6b� � �

�¨M\IC:;DzlC6ma  ��G7@>D � M^� DeBPM"� De|%A�BH? A!D0BfOPG;DeF�G;Q OPpCD{FH9�A�DeBH=0BEG7OHG;=^M\:gBHDe� G;@vD J	? B�OPpCD[=0M"FHDuc M�O
Pr = 1

M"QC|
E = 3 × 10−4 6

Co Ra/Rac Ek (Em=0
tor /Ek) × 100 (Epol/Ek) × 100 Nu5 6b� 5 6o5�`

1.51 × 101 5���6mV�W a�W26XW"V 5 6m`�5�a
5 6b�"`

9.40 × 101 � W�6o5�x 5�x2675�� 5 6m`"l��
W�6bW"`

2.80 × 102 ����6ma�5 5�`�6bV � 5 6m` ���
lC6m` `

3.15 × 103 x"��6 l�� ��6 � V 5 6ma�W\l
��6m` `

5.63 × 103 ��W�6b� x x26ml�a 5 6 l�W �

��6b�"`
1.50 × 104 �"lC6bW W ��6 �"l 5 6bx W"a

a�6m` 5 6o5�`
2.84 × 101 W ��6bx � a ��6Xx � 5 6m`�5 5

W�6bW"`
7.39 × 102 x W�6bx"a 5�W26b` � 5 6m` ��W

lC6m` `
7.31 × 103 x"V�6ma�� V�6bV"l 5 6bW �"V

��6m` 5 6o5�`
5.44 × 101 a���6m`"l l�`�6XW � 5 6m` `�x

W�6bW"`
1.57 × 103 x W�6bx"� 5���6b`"l 5 6m`�� `

lC6m` `
1.61 × 104 ��x�6mV V 5^l�6 � a 5 6bW �"a

�¨M\IC:;DzlC6 l  ��G7@>D � M^� DeBPM"� De|�ACBE? A!D0BEOHG;DeF�G;Q OPpCD>FH9CA!D0BE=0BHGoOPG7=^M": BHDe� G;@vDvJ	?"BSOHpCD =^M\FHD}Y!�TM�O
E = 3 × 10−4 6
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Ra
FEA�M"=0D

M"QC|.OHpCD0BEDeJ	? BED"£ =jp�M"?"OHG;= =e? Q�� De=eOPG7? Q G;F�M\=jpCG;D�� D0|%M\O�:7?�n3DeB
Ra

OHp�M"Q G7Q.OPpCD[Y3?"9CFHFEG;QCDeFHZ
=^M\FHD"6v�3?"Q��"D0=�OPG;?"QRn3M"FTQCDe�"D0BTFHACM"=0D � 	�:7:;G;Q��C£ pC?�n�De� DeB0£,OPpCDvh�M^<�:7D0G7� p Q�9C@LI!D0BEFTn�D0BED�QC?"O
OPpCM\O�:NM"BE� D"6g�3? Q�� D0=�OPG7? Q�G7QCFHG7|CDzOPpCDTOjM"Q�� D0Q�O�=e<2:;G7QC|CD0BiG7F�M\:7n3M�<2F�ACBHDeFHDeQ�OKM\O�:;?�n3DeB

Ra
G;Q

OPp�D�=jp�M\?"OPG7=�BED0� G7@>D\£ nipCG;:7D�G7QvOHpCDdY�? 9CFHFEG;QCDeFHZv=^M"FED�GoO G;F QC?"O�ACBHDeFHD0Q�O39CAsOP?
Ra = 10Rac

£
De�"D0QuG;Q}OPpCDT=jp�M\?"OPG7=zBHD0�"G;@vD �#FED0D�M":;FE?srzBH?\OPDzDeO�M\:&6o£�W"` `�5 ��6
�KQCD�?"J OPp�Dv@v? FfOzFEOHBHG ��G7QC�sJ	D^M�OP9CBED0FTG;FKG7QC|CDeD0|(=0? Q�QCD0=�OPD0|(OP?}OHpCD�=^M"ACM"ICG;:7G7O�<{?"J OPp�D�FE<2Ff�
OPDe@ OH?}|CDe�"D0:7? A OPpCDeBH@>M":�G;QCDeBEOPG;M":,ngM^� DeFSM"QC| =0?":;9C@vQ�M"B�=0? Q��"D0=eOHG;? Q(FEG;@L9C:oOjM"Q�D0? 9CFE:7<"6dc
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I!? 9CQC|�M\BE< niG7OHp�@v?�|�D0BPM�OPD

Pr
J	? BT=0? :79C@>QCM"Bz=0? Q��"D0=eOHG;? Q�£�M"QC|R� D0Bf<RFH@>M":;:

Pr
=0:7? FHD�OP?
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A!D0BHFEG;FfO�G;Q OHpCDzQC? Q���:;G7QCD^M"B BHDe� G;@vD"6��z9�BgBHDeFH9C:oOPFiM\O�:;M"BH�"D0B

Ra
|C?�QC?\O�FHpC?�n©@L9C=jp}BHDeFHDe@��

IC:;M"QC=0D�OP?sOHpCDLQC? Q2��:;G7QCD^M\B�BED0FH9�:7OPFdG;Q(y�G7@>GoOPD��{M"QC| Y39�FHFHD �*W"` ` a�� �mF�FEOH9C|CG;DeF06S�3? Q��"D0=eOHG;? Q
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��pCD ��G;QCD�OPG;=iDeQCD0BE�"<�G;Q�OPpCD�q0?"Q�M":C¡�?�n G7QC=0BED^M"FED0F niG7OPp

Co
M":7OHpC? 9C�"pvOHpCDi=0? Q�� De=eOHG7� D�� D0:7?\�

=0GoOPG7D0F�p�M^� D�:;? FfOiA�M"BfO�?"B�@�9C=jpu?\J¨OPp�D0G;B��"D0? FfOPBH?"ACp�< 63c¤BHG7� ? BE? 9CF�FEOH9C|�<[?"J1OPpCDShiDe<2QC? :7|CF
FEOHBHDeFHFHDeF�niG;:;: BEDe� D0M":�OHpCD BE? :;DvAC:NM^<"D0| I�< OHpCD BEDeJ	D0BED0QC=eD |CDeQCFHGoO�<.G;QROPpCDs� D0QCDeBPM\OHG;? Q�M"QC|
@>M"G;Q�OPDeQ�M"QC=eDz?"J1q0? Q�M\: ¡�?�nT6
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Co
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��pCG;F3QCDen©M"ACACBE?�M"=jp}OP?LOHpCDK=e? @>A�BHD0FEFHG7IC:;DKA�BH? IC:7D0@ ngM\F�D0@vAC:;?�< De|}pCD0BED"6�y�G7QC=0DKGoOgp�M\FHQ � O
I�DeD0Q{|CDe�"D0:7? A�De|[I�D�J	? BHD\£CACBH?"� BPM"@v@vG;QC�SOP?�G;@vAC:7D0@vD0Q�O3OHpCDzQCDen OPp�D0? Bf<[M"QC| �\M"BEG;? 9CF�OPD0F �
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∂r
+

uθ

r

∂uϕ

∂θ
+

uϕ

r sin θ

∂uϕ

∂ϕ
+

uruϕ

r
+

uθuϕ cot θ

r

)
=

− 1

r sin θ

∂p

∂ϕ
− 2ρΩ(uθ cos θ + ur sin θ) + Fθ

�#c�6ml��
nipCDeBHD

Fr
£
Fθ

£
Fϕ

M"BEDKOPpCDTFEACpCD0BEG;=0M":�=0? @vA!? QCD0Q�OHF�?\J1OHpCDz��G7FH=e? 9CF�J	? BH=eD"6

v ��� ���� rut��?}��zt h}��
�Mp
��pCDS=0? @vA�?"QCD0Q�OPFi?"J�OPp�DT�2G7FH=0?"9CF�J	? BH=eDSG7Q}FHACp�D0BHG7=^M":�=e?�?"BH|CG7Q�M\OPDeFiM"BHDT? I�OjM"G7QCD0|}niG7OHp

Fr =
1

r2

∂

∂r
(r2τrr) +

1

r sin θ

∂

∂θ
(sin θτrθ) +

1

r sin θ

∂τrϕ

∂ϕ
− τθθ

r
− τϕϕ

r

Fθ =
1

r2

∂

∂r
(r2τrθ) +

1

r sin θ

∂

∂θ
(sin θτθθ) +

1

r sin θ

∂τθϕ

∂ϕ
+

τrθ

r
− cot θτϕϕ

r

�#c�6X�
�

Fϕ =
1

r2

∂

∂r
(r2τrϕ) +

1

r sin θ

∂

∂θ
(sin θτθϕ) +

1

r sin θ

∂τϕϕ

∂ϕ
+

τrϕ

r
+

cot θτθϕ

r

5^` V



� � 	 � ��� � � � � � � 
 
 � � � � � � 	 �0� � ��� 
 � � 
	� � � � � � � � � �+� � � � � � � � 


nipCDeBHD
τij

M"BHDgOHpCDi=0? @vA!? QCD0Q�OHF�?"J�OHpCD�|CD���G;M\OP?"BHG;=3FEOPBED0FEF OHD0QCFE? B G;Q�FEACpCD0BEG;=0M":�=0?2? BH|�G;Q�M\OHD0Fe6
8�? B MS~�Den�OH? QCG;M"Q £�G;FE?"OPBE? ACG7=g¡�9CG;|�OHpCDiBHD0:;M\OPG7? Q�I!DeO�n�D0D0Qs|CDe�2GNM�OP? BEG;=�FEOHBHDeFHF OPD0Q�FH? B

τij
M"QC|

FEOHBPM"G7Q[BPM\OHDKOPD0Q�FH? B
eij

G7F

τij = 2µeij +
(
kB − 2

3
µ
)
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∂r

(uθ

r

)
+

1

r

∂ur
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∂
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∂ur

∂ϕ

)

Dθ =
∂µ

∂r

(
r

∂
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∂ϕ

(sin θ

r

∂

∂θ

( uϕ
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∂µ

∂r

(
r

∂

∂r

(uϕ

r
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+

1

r sin θ

∂ur

∂ϕ
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+

1

r

∂µ

∂θ

(sin θ

r

∂

∂θ

( uϕ

sin θ

)
+

1

r sin θ

∂uθ

∂φ

)

+
2

r sin θ

∂µ

∂ϕ

( 1

r sin θ

∂uϕ

∂ϕ
+

ur + uθcotθ

r
− 1

3
(∇ · u)

)
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ρCp
DT

Dt
− αT

Dp

Dt
=

1

r2

∂

∂r

(
kr2∂T

∂r

)
+

1

r2 sin θ

∂

∂θ

(
k sin θ

∂T

∂θ

)
+

1

r2(sin θ)2

∂

∂ϕ

(
k
∂T

∂ϕ

)
+ Φ,
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Dt
=

∂

∂t
+ ur

∂

∂r
+

uθ

r

∂

∂θ
+

uϕ

r sin θ

∂

∂ϕ
.
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ρ(r, θ, ϕ, t) = ρ̃(r) + ρ′(r, θ, ϕ, t)
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p(r, θ, ϕ, t) = p̃(r) + p′(r, θ, ϕ, t)

T (r, θ, ϕ, t) = T̃o + T ′(r, θ, ϕ, t).
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κ′
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�KBH|CDeBiG;Q
ε � 9�M"Q�OHG7OPG7D0F �KA�DeBPM\OH? BHF

ε0 ρ̃
£
p̃
£
g̃ ∇

£
∇· £ ∇×

ε1/2 u
£
µ̃
£
ν̃
£
k̃
£
κ̃
£
Ω

∂
∂t

ε ρ′
£
p′
£
T ′

£
g′

�

�1M"IC:;DTY�675  �KBE|CD0B�G;Q
ε
J	? B�M":;:�OHpCD0BE@>?2|�<2Q�M"@vG;=��\M"BEGNM"IC:7D0Fe£�¡�9�G;|�A�BH? A!D0BfOPG;DeF¨M\QC|L? A!D0BHM\OP? BEF
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p′︸︷︷︸
∼ε

= ρ̃R∗T̃o − p̃︸ ︷︷ ︸
= 0︸ ︷︷ ︸
∼ε0

+ ρ̃R∗T ′ + ρ′R∗T̃o︸ ︷︷ ︸
∼ε

+ ρ′R∗T ′

︸ ︷︷ ︸
ε2

.
�#Yd6bW �

hiD^M"BEBPM"QC�"G;QC�LOHpCD 	�BHFfOE��?"BH|CDeBiOHD0BE@>F �
ε1 ��n3DS? I�OPM"G;Q

p′

p̃
=

ρ′

ρ̃
+

T ′

T̃o

�#Yd6ma��
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ρ = ρ̃(1 − α̃T ′ + χ̃T p′) = ρ̃ + ρ′ �#Yd6 l �

9CFEG;QC��OPpCM\OiJ	? BiM"Q[G;|CD0M": ��M\F
1/T̃o = α̃

M"QC|
1/p̃ = χ̃T
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∂ρ̃

∂t︸︷︷︸
= 0

+
∂ρ′

∂t︸︷︷︸
vanishes

+ ∇ · (ρ̃u)︸ ︷︷ ︸
∼ε1/2

+ ∇ · (ρ′u)︸ ︷︷ ︸
∼ε3/2

= 0,
�*Yd6b� �

nipCDeBHDTOPpCDT=0?"QC|CG7OHG;? Q}?\J1�\M"QCG7FHpCG7QC� ∂ρ′

∂t
G7F�G;@vA�?"FHD0|}OH? 	C:7OPDeB�? 9�O�M"=e? 9CFfOPG;=zn3M^� D0Fe6

��?�? �2G7QC�(=0:7? FHDe:7< £ ∂ρ′

∂t
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G;Q�FHG;FfO�OHp�M\O ∂ρ′

∂t
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ρ̃
∂u

∂t
+ ρ̃(u · ∇)u

︸ ︷︷ ︸
∼ε

+ ρ′∂u

∂t
+ ρ′(u · ∇)u

︸ ︷︷ ︸
∼ε2

= −∇p̃ + ρ̃g̃︸ ︷︷ ︸
= 0︸ ︷︷ ︸
∼ε0

−∇p′ + ρ′g̃ + ρ̃g′ − 2ρ̃Ω × u + Fa︸ ︷︷ ︸
∼ε

+ ρ′g′ − 2ρ′
Ω × u + F ′

︸ ︷︷ ︸
∼ε2

.
�#Yd6 � �

��pCDT��G7FH=e? 9CF�J	? BH=eD
F

� Go� DeQ{G7Q �f5 6 l �3G;F�FED0A�M\BPM\OHD0|�G7Q

Fa = ρ̃ν̃∇
2u +

1

3
ρ̃ν̃∇(∇ · u) +

d(ρ̃ν̃)

dr

[1
r
∇(rur) + r

∂

∂r

(u
r

)
− 2

3
(∇ · u)r̂

]
,

�#Yd6Xx
�
M"Fi� G7�"D0Q{G;Q � 5 6ba W ��£�M\QC|

F ′ = ρ′ν̃∇
2u +

1

3
ρ′ν̃∇(∇ · u) + D(∇(ρ′ν̃), u, ∂u)

�*Yd6m���
niG7OHp

D
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µ
? Qv|CD0QCFEG7O�<"£

G&6 D"6
µ = ρν

nipCDeBHD
ν
G;F�OPp�D ��G;Q�D0@>M\OPG7=i�2G7FH=0?"FHG7O�<"£�ngM"F3M":;BED^M"|�<�=0? QCFEG;|CDeBHDe|sG;Q

Fa

M"Q�|
F ′
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ρ̃Cp
∂T ′

∂t
+ ρ̃Cp u · ∇T ′

︸ ︷︷ ︸
ε3/2

+ ρ′Cp
∂T ′

∂t︸ ︷︷ ︸
ε5/2

− α̃(T̃o + T ′)u · ∇p̃︸ ︷︷ ︸
ε3/2

�#Yd6bV �

− α̃T̃o

(
∂p′

∂t
+ u · ∇p′

)

︸ ︷︷ ︸
ε3/2

− α̃T ′

(
∂p′

∂t
+ u · ∇p′

)

︸ ︷︷ ︸
ε5/2

= ∇(k̃
(
∇T ′)

)
︸ ︷︷ ︸

ε3/2

+ Φa︸︷︷︸
∼ε3/2

+ Φ′

︸︷︷︸
∼ε5/2

,

nipCD0BEDSOHpCDz�2G;FH=e? 9CFipCD0M\OPG7QC�
Φ

� Go� D0Q{G;Q �	c�6o5�a��3G7F�FED0A�M\BPM\OHD0|{G;Q

Φa = 2ρ̃ν̃eijeij +
2

3
ρ̃ν̃(∇ · u)2,

�*Y�675�` �
M"QC|

Φ′ = 2ρ′ν̃eijeij +
2

3
ρ′ν̃(∇ · u)2.
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Γ → 0
£�? BgD0Z�9�M\:;:7<

Di → 0
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d2/ν̃o
M"FiOPG7@>DTFH=0M":;D\£!OHpCD�OHD0@vA�DeBPM\OH9CBHDS=0?"Q�OHBPM"FfO

∆T
I�D�O�n3DeD0Q OHpCD�G7QCQCD0B�M"QC|{OPpCD�? 9�OHD0B

I!? 9CQC|�M\BE<{M"F�OPDe@>A!D0BHM\OP9�BHDTFH=0M":;D\£
ρ̃o
£!M"Fi|CD0QCFEG7O�<[FE=^M":7D"£!M"QC|

ρ̂Ων̂
M\F�A�BHD0FEFH9CBED�FE=^M":7D"£�OPpCD

D0Z�9�M�OPG;?"Q{�"G7� DeQuG7Q �*Yd6mV���OP?�? BE|CD0B
ε3/2 G;F�� Go� DeQ{I�<

Prρ̂
(∂T ′

∂t
+ u · ∇T ′

)
+ Diρ̂(T̂o + T )ur −

DiPr

RaE

(∂p′

∂t
+ u · ∇p′

)

= ∇
(
k̂∇T

)
+

DiPr

Ra
Φa.
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Di → 0
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∇H · G = ∇ · G − 1

r2

∂

∂r
(r2Gr) =

1

r sin θ

( ∂

∂θ
(sin θGθ) +

∂Gϕ

∂ϕ

)
.

�&�d6o5 �
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∇ · u = −ur

ρ̂

dρ̂

dr
,

�&�d6bW �

∇H ·
(
ρ̂u
)

= − 1

r2

∂

∂r

(
r2ρ̂ur

)
,

�&�d6ma��
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(
∇2G

)
r

=
1

r2

∂2

∂r2

(
r2Gr

)
+

1

r2
L2Gr −

2

r
∇ · G �&�d6 l �

nipCD0BED L2 G;Fi� G7�"D0QuG;Q �f5 6b��5 � 6 ��pCD0Q
G = ρ̂u

£�OPp�D�:;M"FEOiOPDeBH@ G;Q[OPp�D�BEG;� p�O�p�M"QC|uFHG;|�D�?"J
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hρ =
1

ρ̂

dρ̂

dr

�&�d6b� �
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ν̂
�M} qzt �7y q �
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(F v)r = −`(` + 1)

ρ̂r2

[
−∂2W

∂r2
+

1

3
hρ

∂W

∂r
+
[4
3

(1

r
hρ−h2

ρ+
1

ρ̂

d2ρ̂

dr2

)
+

`(` + 1)

r2

]]
W,
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∇H · (F v) =
`(` + 1)

ρ̂r2

[
− ∂3W

∂r3
+ hρ

∂2W

∂r2
+
[2
r
hρ − h2

ρ +
1

ρ̂

d2ρ̂

dr2
+

`(` + 1)

r2

]∂W

∂r

−
[2
3

1

r2
hρ +

2

r3

]
`(` + 1)W

]
,

�&�d6bx �

M"QC|
(
∇×F v

)
r

= −`(` + 1)

ρ̂r2

[
− ∂2Z

∂r2
+hρ

∂Z

∂r
+
(2

r
hρ −h2

ρ +
1

ρ̂

d2ρ̂

dr2
+

`(` + 1)

r2

)
Z

]
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BHDeFHA!D0=�OPG7�"D0:o< 6

� �� � �
µ̂
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(F v)r = −`(` + 1)

ρ̂2r2

[
− ∂2W

∂r2
+

7

3
hρ

∂W

∂r
+
[4
3

(
− 2

hρ

r
− 2h2

ρ +
1

ρ̂

d2ρ̂

dr2

)
+

`(` + 1)

r2

]]
W,

�&�d6mV��

∇H · (F v) =
`(` + 1)

ρ̂2r2

[
− ∂3W

∂r3
+ 2hρ

∂2W

∂r2
+
(
− 2h2

ρ +
1

ρ̂

d2ρ̂

dr2
+

`(` + 1)

r2

)∂W

∂r

+
(1

3

hρ

r2
− 2

r3

)
`(` + 1)W

]
,

�&�d6o5�`��

M"QC|
(
∇×F v

)
r

= −`(` + 1)

ρ̂2r2

[
− ∂2Z

∂r2
+2hρ

∂Z

∂r
+
(
− 2h2

ρ +
1

ρ̂

d2ρ̂

dr2
+

`(` + 1)

r2

)
Z

]
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E∗
k = 1

2Vs

∫
Vs

ρ̂u2dV
G;F�|CDeFH=eBHG;I!D0|uG;Q}FEA�De=eOPBHM":,FHA�M\=0DSM"F

2VsE
∗
k = 2Vs(E

∗
pol + E∗

tor) =
∑

`,m

`(` + 1)

∫ ro

ri

1

ρ̂

[
`(` + 1)

r2
|W m

` |2 +

∣∣∣∣
dW m

`

dr

∣∣∣∣
2]

dr

+
∑

`,m

`(` + 1)

∫ ro

ri

1

ρ̂
|Zm

` |2dr,
�&�d6o5�W �
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1
Vs

∫
Vs

ρ̂dV
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